In this paper we introduce and study the notions of isotropic mapping and essential kernel. In addition some theorems on the Borel graph and Baire mapping for polynomial operators are proved. It is shown that a polynomial functional from an infinite dimensional complex linear space into the field of complex numbers vanishes on some infinite dimensional affine subspace.
INTRODUCTION
Let X k [ X = иии = X be the kth Cartesian product of a normed space Ž . Ž . Ž . Ž . form P x s P x q P x q иии qP x will be called a polynomial oper-w x mial operators are contained in the books 5, 10 . It is well known that a Ž linear operator on a Banach space becomes automatically continuous or . bounded, which is the same under some additional conditions. The Closed Graph Theorem, the inverse mapping theorem, the theorem on the contiw x Ž w x. nuity of Baire operators 4 , and many others see, for instance, 27 belong to results of this kind. Less is known about automatic continuity of polynomial operators. The polynomial analogs of the Banach᎐Steinhaus w x theorem and the uniform boundedness principle are proved in 16 , see w x also 1 . The Open Mapping Theorem for k-linear operators is not true w x w x 12 , even in the finite-dimensional case 11 . The Banach inverse mapping w x theorem is not true for polynomial operators 24, 21 . The Closed Graph Ž . Theorem for polynomial functionals even for G-holomorphic functionals w x is proved in 6 . w x We start our research with a problem of ''The Scottish Book'' 26 . It is obvious that for each discontinuous linear operator T on the Ž Ž .. normed space X unboundedness of a sequence T x implies that the i Ž Ž .. Ž sequence T x q x is unbounded for all x g X. A simple example see i . below shows that this fact is not true for polynomial functionals of degree 2. It is possible that in connection with this fact there appears:
Ž . Problem 56 Mazur, Orlicz . Let f be a discontinuous polynomial Ž functional of degree n on a Banach space X. ''Of degree n'' here means Ž . that for every x, y g X there exist numbers a , . . . , a such that f x q ty 0 n n . s a q a t q иии qa t for all rational numbers t. Does there exist a 0 1 n Ž . < Ž sequence x g X such that x ª 0 and f x q x ª ϱ or at least lim f x i i i i
. < q xs ϱ for all x g X ? i
We will consider for a while the same definition of polynomial functional of degree n that is in Problem 56. But mainly we will investigate usual polynomial operators and prove the following theorems. We shall introduce the following definition which is motivated by Problem 56 and Theorem 1.
Ž
. D EFINITION 1. Let X be a metric group not necessarily commutative with group operation q and Y be a metric space. We call a mapping F: X ª Y isotropic if either it is everywhere continuous or there exists a sequence x g X, x ª 0, such that for some number c ) 0
for each x g X. Ž . We call the maximal number c for which 1 is true the isotropy constant; it can be equal to ϱ.
We shall consider the isotropy constant of the everywhere continuous mapping equal to zero. Conversely when we speak about isotropic mappings with zero constant we mean everywhere continuous mappings. A linear operator on a Banach space is a typical example of an isotropic mapping.
. C OROLLARY 1 of Theorem 1 . Each polynomial operator between normed Ž . spaces is isotropic with isotropy constant equal to 0 or ϱ .
The main result of Section 2 is the proving of the Borel graph and Baire mapping theorems for isotropic mappings.
w x In Section 3 we will consider the two following questions from 26 .
. Problem 75 Mazur . Let a polynomial functional p on a Banach space X be bounded on an ⑀-neighborhood of a set M ; X. Does there exist for each number a a ␦-neighborhood of the set aM on which p will also be bounded?
. Problem 55 Mazur . Let a polynomial functional p on a Banach space X be bounded on an ⑀-neighborhood of a certain set M ; X. Does there exist a polynomial functional q and a linear operator T on the space X Ž . such that p s qT and the set T M is bounded? Ž . In Problem 55 it is not required formally that the polynomial functional q be continuous. Problem 55 with the requirement of the continuity of q will be called Problem 55Ј.
The answer to Problem 75 for linear operators is affirmative, of course. It is easy to see that the affirmative answer to Problem 75 is the result of an affirmative answer to Problem 55Ј. We will write this in the following Ž w x. way: Pr.55Ј ª Pr.75. For as hinted at in 26 given X, p, and M the set Ž . Ž Ž .. p aM s q aT M is bounded since T is linear and q is continuous Ž . w x bounded . In 2 it is proved that the answer to Problem 55Ј and also to Problem 75 is affirmative for finite-dimensional spaces. We will show that Ž . the answer to Problem 75 also to Problem 55Ј is negative, that Pr. 
AUTOMATIC CONTINUITY AND ISOTROPIC MAPPINGS
First of all we will give the example of a polynomial functional p of Ž Ž .. degree 2 for which unboundedness of sequence p x q x for an arbii trary vector x g X does not follow from the unboundedness of sequence Ž Ž .. Ž . p x this was mentioned in the Introduction .
i EXAMPLE 1. Let X be an infinite-dimensional normed space, f and g be linear functionals on X. Let f / 0 and g is unbounded on the kernel of
The proof of next lemma is not complicated. 
It is well known that the continuity of every term in decomposition P s Ý n P follows from the continuity of the polynomial P. Proof. It follows from Lemma 1 that it is possible to select a number k 0 Ž . Ž and a subsequence of x this subsequence we denote by the same
Ž . as i ª ϱ, because according to 2Ј , 3Ј each term of this sum tends to ϱ if m is large enough. The proposition is proved.
Proof of Theorem 1. Certainly we can suppose that in the decomposition P s Ý n P of the operator P into homogeneous polynomials the term 0 k with the biggest degree is discontinuous, that is, there exists a sequence Ž . x ª 0 such that P x ª ϱ. Fixing a vector x g X we decompose the the whole space X as a linear functional. Ž . Now we will construct a symmetric bilinear functional B x, y in the Ž . following way. We index all linear independent sequences x ª 0: x , n n ␤ Ž . 1 F ␤ -, and put in correspondence to each sequence x an ele-1 n ␤ ment e , so that:
Ž . purpose we define in X a complement to lin x ᎏthe subspace
Ž . for x g x . Finally we extend B to the whole of X as a symmetric
Ž . Suppose a linearly independent sequence x converges to zero. Then n ␣ Ž . for the corresponding e we have
Ž . Ž .
Ž . So for x s e we have that p x q x does not converge to infinity. Ž . x does not contain a linearly independent subsequence then lin x is a n i finite-dimensional subspace. But arbitrary polynomial functionals on a Ž . Ž . finite-dimensional space are continuous so lim p x q x s p x -ϱ.
nªϱ n Ž . Ž . If x contains a linearly independent subsequence x then from the
s ϱ ᭙x g X, but we showed that for some point x this is not true. 0 Theorem 2 is proved.
Remark 1. If we suppose the continuum hypothesis and consider the field of real numbers as a normed space over the field of rational numbers then the construction of Theorem 2 will be an example of a polynomial functional of degree 2, in the sense of Problem 56, which gives the negative answer to the first part of this problem.
The following proposition shows that the result similar to Theorem 1 is true for symmetric n-linear operators. 
Proof. If the mapping B is discontinuous then it follows from the n w x Ž . polarization formula 5, p. 4 that the homogeneous polynomial P x s n Ž . B x, . . . , x is discontinuous. So there exists a sequence x g X, x ª ϱ n i i n 5 Ž .5 such that P x ª ϱ as i ª ϱ. If we fix an element x g X then
. B x q x, . . . , x will be a polynomial of degree n in the variable x g X,
Ž . The proof is clear. We will now give an example of an isotropic mapping with isotropy constant not equal to 0 or ϱ. Let T be a linear unbounded operator on a Ž 5 5.
Ž. Banach space X,
. We introduce on X the new metric x, y s Ž5 Let us recall some definitions from the theory of metric spaces. A subset M of a metric space X is called residual if its complement, X _ M, is of the first category, i.e., a countable union of nowhere dense sets. A set M ; X is called perfect if it is closed and does not contain isolated points. A mapping F from a metric space X into a metric space Y satisfies the condition of Baire if in each nonempty perfect set M ; X there exists a < residual in M subset N ; M such that the restriction F is continuous. 
PROPOSITION 4. Let F be an isotropic mapping from a complete metric group X into a complete metric space Y. If F is discontinuous at zero then it is discontinuous on each residual set M ; X.

Ž .
Proof. Let x be the sequence from Definition 1 and M ; X be 
The proposition is proved.
The following example shows that Pr.55 ¢ Pr.55Ј.
EXAMPLE 2. Let
We define the linear bounded injective operator T : X ª X by formula
y1 Ž . the polynomial q on image TX by the formula q y s pT y . Let Z be an algebraic complement to the subspace TX in X. We extend q to the Ž . Ž . whole space X by the formula q y q z s q y , y g TX, z g Z. It is clear that q is a polynomial and p s qT.
The next example shows that Pr.75 ¢ Pr.55Ј. EXAMPLE 3. Let X s c be the space of all null sequences with the 0 maximum norm. There exists a homogeneous polynomial functional p on X of degree 2 and a set M ; X such that p is bounded on a neighborhood of radius 1 of the set aM for arbitrary number a but there does not exist a linear operator T in X and a continuous polynomial functional q such Ž . that p s qT and the set T M is bounded.
Ž . for x s a , a , . . . g c and M s me where So p is bounded on the neighborhood of radius 1 of the set aM for arbitrary a. Now we will show that there does not exist a linear operator on Ž . . y l e s 2, therefore q must be unbounded. In the second case the
Ј l e y l e , n s 1, . . . , ϱ, must be bounded
We do not know how the set M must look in order that p be bounded on an ⑀-neighborhood of M. The consideration of this question leads to the notion of ''the essential kernel.'' We shall begin with a lemma which is a simple statement about polynomials of two scalar variables. Proof. Let T : X ª X be the operator from Lemma 3 and Z be an algebraic complement to X and U be an algebraic complement to TX.
. kernel of p, it follows that p T Tx s p x see 7 . As q is the composition of a polynomial functional and two linear operators, it is a polynomial functional.
Remark 3. If the essential kernel X from Corollary 12 is a closed 0 complemented subspace of X then the polynomial q can be chosen to be continuous, i.e., the answer to Problem 55Ј is affirmative in this case. It is not necessary to assume the separability of X.
Clearly then it is possible to define the projection of X onto Z as the operator T. ; Xl ker p , dim X s ϱ. Continue this process to get the subspace 1 
2
Xs X ; X ;иии ; X , X ; ker p l иии l ker p , dim X s ϱ. . is true automatically . By the induction hypothesis and by Lemma 4 there exists a subspace X ; X, dim X s ϱ, on which all of the homogeneous
